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s.
halmers.seAbstra
t. We show how a very modest modi�
ation to a typi
al modernSAT-solver enables it to solve a series of related SAT-instan
es eÆ
iently.We apply this idea to 
he
king safety properties by means of temporalindu
tion, a te
hnique strongly related to bounded model 
he
king. Wefurther give a more eÆ
ient way of 
onstraining the extended indu
tionhypothesis to so 
alled loop-free paths. We have also performed the �rst
omprehensive experimental evaluation of indu
tion methods for safety-
he
king.1 Introdu
tionIn re
ent years, SAT-based methods for hardware veri�
ation have be
ome animportant 
omplement to traditional BDD-based model 
he
king. Several meth-ods have proven their usefulness on a number of industrial appli
ations, in parti
-ular bounded model 
he
king (BMC) [BCCZ99,BCRZ99,CFF+01℄. In this paperwe will fo
us our attention on how SAT-based veri�
ation pro
edures 
an beimplemented more eÆ
iently by a tighter integration with the underlying SAT-solver.There are three main 
ontributions of the paper. Firstly, we show how a num-ber of similar SAT-instan
es 
an be solved in
rementally by a very modest mod-i�
ation of a modern Cha�-like SAT-solver [MZ01℄. The te
hnique we proposeis simpler than previous attempts [WKS01℄, while still obtaining a performan
ein
rease of the same magnitude. Se
ondly, we demonstrate the in
remental te
h-nique on temporal indu
tion [SSS00℄, a method of 
he
king safety properties on�nite state ma
hines (FSM). We show the impa
t of the in
remental approa
hexperimentally, both for proving 
orre
tness and for �nding 
ounter-examples.Thirdly, we re�ne the method of ensuring 
ompleteness for temporal indu
tion.The standard method works by requiring all states in the indu
tion hypothesis tobe unique. By a simple analysis of the FSM, we are able to ex
lude some state-variables from the uniqueness 
onstraints, resulting in stronger requirements.This may exponentially redu
e the indu
tion depth needed. We prove that thisstrengthening is sound. Additionally, we demonstrate a speed-up by adding theunique states requirement dynami
ally for only those pairs of states where it isneeded.The experiments we have performed with our prototype tool TIP show thatmany properties 
an be proven at speeds 
omparable to mature BDD-based toolssu
h as CADENCE SMV and CMU SMV.



2 PreliminariesIn this paper, we 
onsider safety properties on �nite state ma
hines (FSM).The states of the FSM are ve
tors of booleans, de�ning the values of the statevariables. We assume the FSM to have a set of legal initial states, and the safetyproperty to be spe
i�ed as a propositional formula over the state variables. Byrea
hable state spa
e we mean all states of the FSM rea
hable from the initialstates. Our task is to prove that the property holds for ea
h state in the rea
hablestate spa
e.In a standard manner, we will assume the transitions of the FSM to berepresented by a propositional formula T(s; s0), the set of initial states by aformula I(s), and further denote the safety property by P(s). We will use sn todenote the state variables of time step n and introdu
e the shorthand notationIn, Pn, and Tn for I(sn), P(sn), and T(sn; sn+1).2.1 The SAT problemLet Bool denote the boolean domain f0; 1g, and Vars := fx0 ; x1 ; x2 ; : : :g be a�nite set of boolean variables. A literal is a boolean variable xi or a negatedboolean variable xi. A 
lause is a set of literals, impli
itly disjoined. A SATinstan
e is a set of 
lauses, impli
itly 
onjoined. A valuation is a fun
tion Vars !Bool . A literal xi is said to be satis�ed by a valuation if its variable is mappedto 1; a literal xi if its variable is mapped to 0. A 
lause is said to be satis�edif at least one of its literals is satis�ed. A model (satisfying assignment) for aSAT instan
e is a valuation where all 
lauses are satis�ed. The SAT problem isto �nd a model for a given set of 
lauses.Converting formulas to SAT. There are several ways of translating a proposi-tional formula into 
lauses, in su
h a way that satis�ability is preserved. This istypi
ally done by introdu
ing auxiliary variables giving names to some or all sub-formulas, then generating 
lauses that establish a de�nitional relation betweenthe introdu
ed variables and the truth-values of their respe
tive subformulas.Any model for the translated problem (whi
h 
ontains more variables) has theproperty that its restri
tion to the original set of variables yields a model for theoriginal formula. We assume the existen
e of su
h a translation te
hnique andintrodu
e the following notation:De�nition. By ['℄p we denote a set of 
lauses de�ning ' su
h that p isthe literal representing the truth-value of the whole formula. We 
all p thede�nition literal of '. Further, we write ['℄ as a short hand for ['℄p [ fpg.For example [x^y℄p may be translated into the 
lauses f fp; xg; fp; yg; fp; x; yg g.2.2 Temporal Indu
tionThis se
tion brie
y summarizes the veri�
ation te
hnique temporal indu
tionpresented in [SSS00℄.1 The word \temporal" suggests that the indu
tion is 
ar-1 The authors use only the word \indu
tion" in this presentation, but have lateradopted the term \temporal indu
tion" and used it in other 
ontexts.2
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Fig. 1. If the n-th base-
ase is unsatis�able, it should be read as \There exists no n-step path to a state violating the property, assuming the property holds the �rst n� 1steps." If the n-th indu
tion-step is unsatis�able, it should be read as \Following ann-step tra
e where the property holds, there exists no next state where it fails".ried out over the time steps of the FSM. Like a standard indu
tion proof, atemporal indu
tion proof 
onsists of two parts: the base-
ase and the indu
tion-step. In its simplest form, the base-
ase states that the property should hold inthe initial states; and the indu
tion-step states that the property should be pre-served by the transitions of the FSM. Expressing the two parts of the indu
tionproof as SAT-problems is straight-forward|still, the resulting method is al-ready an interesting 
omplement to BDD-based veri�
ation methods, espe
iallyfor systems where the transition relation has no su

in
t BDD-representation.However, the method is not 
omplete, sin
e the indu
tion-step might not beprovable even though the property is true.To make the method 
omplete, the indu
tion-step is strengthened in twoways. Firstly, the property is assumed to hold for a path of n su

essive states,rather than just one. This means that a longer base-
ase must be proven. Se
-ondly, the states of the path are assumed to be unique. It follows immediatelyfrom �niteness that the se
ond strengthening makes the method 
omplete inthe sense that there is always a length for whi
h the indu
tion-step is provable.Soundness is treated in detail in se
tion 4. Let us formalize the strengthenedindu
tion by de�ning the following formulas:Basen := I0 ^ �(P0 ^T0) ^ : : : ^ (Pn�1 ^Tn�1)� ^ PnStepn := �(P0 ^T0) ^ : : : ^ (Pn ^Tn)� ^ Pn+1Uniquen := ^i�j�n(si 6= sj+1) = ^i�j�n_k :(si;k $ sj;k)An interpretation of these formulas is depi
ted in Fig. 1. Note that when proving
orre
tness we show that the formulas are unsatis�able. In the base-
ase we as-sume that all shorter base-
ases have been proved already, and add the property3



to ea
h state as this tends to make the resulting SAT-problem easier. With thesede�nitions, we 
an now state an algorithm that intertwines looking for bugs oflonger and longer lengths, and trying to prove the property by deeper and deeperindu
tion-steps:Algorithm 1. \Temporal Indu
tion".for n 2 0..1 doif (satis�able([Basen℄))return property failsif (:satis�able([Stepn℄ [ [Uniquen℄))return property holdsVariations of this algorithm are also meaningful. For instan
e, 
he
king only thebase-
ase gives a pure bug-hunting algorithm, whi
h delivers 
ounter-examplesmore qui
kly. By altering the formula of the base-
ase slightly, it is possible tostart at a higher n and taking bigger leaps than 1. Che
king every size of nmay be unne
essarily 
ostly. If the bug or proof is deep, taking bigger leapsmeans solving fewer SAT-problems. However, if there is a bug, Algorithm 1 (asstated) will always �nd a shortest 
ounter-example. This may be important. Inthe remainder of the arti
le, we will show how the 
ost of in
rementing n byonly 1 
an be greatly redu
ed by solving the SAT-problems in
rementally.3 In
remental SATA typi
al stand-alone SAT-solver a

epts a problem instan
e as input, solvesit, and outputs a model or an \Unsatis�able" statement as result. This 
an beinadequate if you wish to solve many similar SAT-instan
es. The most obviousoverhead is re-parsing the (almost) same 
lause set over and over again. Butmore importantly, the same, often expensive, inferen
es may be 
arried out overand over again. Equipping the SAT-solver with an interfa
e that allows the nextSAT-instan
e to be spe
i�ed in
rementally from the 
urrent (solved) instan
e will
ertainly remove the parsing problem, but may redu
e the number of inferen
estoo.We fo
us on the type of solver introdu
ed by [MS99℄, based on 
on
i
t anal-ysis and 
lause re
ording.2 Su
h a solver implements a DPLL-style ba
ktra
kingsear
h pro
edure [DLL62℄. The idea behind augmenting the basi
 pro
edure with
on
i
t analysis is that for every 
on
i
t dete
ted during the sear
h, some e�ortis spent on �nding a reason for the 
on
i
t that 
an be en
oded as a 
lause andadded to the 
lause set. The re
orded 
lauses will serve as a 
a
he for the sametype of 
on
i
ts in later parts of the sear
h-spa
e. For example, if assuming xand y to be true led to a 
on
i
t, the 
lause fx; yg may be re
orded. Assumingeither x or y to be true in some later part of the sear
h-tree, will immediatelygive the implied value to the other variable, avoiding repetition of the possibly2 This in
ludes SAT-solvers su
h as: GRASP, SATO, ZCHAFF, LIMMAT, BERKMIN, andthe authors' own solvers SATNIK and SATZOO.4



lengthy derivation. The e�e
tiveness of this idea has been empiri
ally establishedby many authors. A motivation for in
remental SAT is that the re
orded 
lausesmay not only be useful in later parts of the sear
h-tree of the same SAT-instan
e,but also in a later similar SAT-instan
e.To des
ribe the di�erent design issues en
ountered when implementing anin
remental SAT-system, we adopt an obje
t-oriented view, using a solver obje
twhi
h stores the problem 
lauses (the 
urrent SAT-instan
e) as well as the learnt
lauses (the re
orded 
lauses). The solver has methods for modifying and solvingthe 
urrent SAT-instan
e. The simplest imaginable interfa
e would 
ontain thefollowing methods:addClause (Clause 
) { will add a 
lause to the 
lause database.solve { will solve the 
urrent instan
e.Using this interfa
e, the user is allowed to add 
lauses until he has spe
i�ed the�rst SAT-problem. He 
an then use solve to 
he
k if the problem is satis�ableor not. If it is, he may add more 
lauses to 
onstrain the problem further andre-run solve. This pro
edure 
an be repeated until all SAT instan
es of interesthave been solved. Typi
ally the last instan
e is unsatis�able, from whi
h pointno extension 
an be satis�able.This approa
h to in
remental SAT, introdu
ed in [Hok93℄, is limited asthe user 
an never remove anything added. Many interesting in
remental SAT-problems requires some form of 
lause removal. Therefore [WKS01℄ suggestedthe following interfa
e to the solver:addClause (Clause 
)removeClause (Clause 
) { will remove an existing 
lause from thesolve 
lause database.By this interfa
e, any set of related problems 
an be solved in
rementally. How-ever, the ability to remove 
lauses 
lashes with 
on
i
t 
lause re
ording. The
on
i
t analysis is guaranteed to produ
e 
lauses that are implied by the prob-lem 
lause set; thus adding these 
lauses 
an never 
ause unsoundness. Butremoving problem 
lauses may suddenly render re
orded 
lauses invalid. A de-tailed dependen
y analysis must therefore be 
arried out to remove the invalid
lauses, whi
h in turn may require extra book-keeping during the a
tual solvingpro
ess. For a longer treatment of this approa
h see [WKS01℄.In 
ontrast, we propose the following interfa
e whi
h only enables the removalof unit 
lauses. The motivation is that it is very simple to implement (5 lines of
ode in our solver), while being expressive enough to en
ompass several inter-esting in
remental SAT-problems not expressible by the original interfa
e:addClause (Clause 
)solve (listhLiterali assumptions)The extra list of literals passed to solve should be viewed as unit 
lauses to beadded during this parti
ular solving, then removed upon return from the solver.The reason that this approa
h is simpler is that all learned 
lauses are safe to5



keep, and thus no extra book-keeping is needed. To see why it is safe, note thatthe extra unit 
lauses 
an be seen (and implemented) as internal assumptionsby the sear
h pro
edure, and that it is an inherent property of 
on
i
t 
lausesthat they are independent of the assumptions under whi
h they o

ur. 34 In
remental Indu
tionIn se
tion 2.2 we saw a straight-forward algorithm for proving or disprovingsafety properties by indu
tion. We break this algorithm into two parts, the base-
ase (\bug-�nder") and the indu
tion-step (\upper-bound prover"), and showhow they 
an be implemented in
rementally using the SAT-interfa
e of se
tion 3.Algorithm 2 \Extending base".addClauses([I0 ℄)for n 2 0..1 doaddClauses([Pn℄pn)solve(fpng)if (Satisfiable)return property failsaddClause(fpng)addClauses([Tn℄)
Algorithm 3 \Extending step".addClauses([P0 ℄)for n 2 -1..�1 dosolve(fg)if (Unsatisfiable)return ind. step holdsaddClauses([Tn ℄)addClauses([Pn ℄)for i 2 0..n+1 doaddClauses([si 6= sn℄)A �rst observation on these algorithms is that they build the tra
e of statesrelated by the transition relation in di�erent dire
tions (n is de
remented in thestep). Growing the tra
e forwards in the base-
ase allows us to keep the oftenstrong formula I0 �xed in the SAT-solver. Building the tra
e in the oppositedire
tion would for
e us to put the initial state 
onstraints as an assumptionliteral to \solve", whi
h will have the undesirable e�e
t of making any re
orded
on
i
t 
lause depending on the initial state ine�e
tive in su

essive iterations.Similarly in the step, growing the tra
e ba
kwards makes it unne
essary to useany assumption literal at all, whi
h again promotes reuse of re
orded 
lausesbetween iterations.Di�erent top-level strategies for how to 
ombine the two algorithms to asafety-
he
king pro
edure are possible. To emulate Algorithm 1 of se
tion 2.2,the algorithms 
ould be run in parallel, ea
h with its own solver instan
e. Assoon as the indu
tion-step su

eeds for a parti
ular length, an unsatis�able base-
ase of that length will 
onstitute a proof of the safety property. However, it isalso possible to mix the two algorithms into one. We will then have to break thenatural dire
tion of building the tra
e for either the base-
ase or the indu
tion-step. We arbitrarily 
hose to sa
ri�
e the indu
tion-step.3 In fa
t, the more general interfa
e 
an be simulated to a large extent. By inserting the
lause fxg[C, and passing x as an assumption literal, we a
hieve the same e�e
t asinserting C. Asserting x to be true afterwards will make the 
lause true forever, andit will be removed from the 
lause database by the top-level simpli�
ation pro
edureof the solver. 6



Algorithm 4 \Zig-zag".addClauses([I0 ℄z) { z is the de�nition literal for I0for n 2 0..1 doaddClauses([Pn ℄pn) { pn is the de�nition literal for Pnsolve(fpng) { step: do not in
lude I0if (Unsatisfiable) { Pn must hold!return property holdssolve(fz; png) { base-
ase: in
lude I0if (Satisfiable) { 
ounter-example found!return property failsaddClause(fpng) { assert Pn from now onaddClauses([Tn ℄) { assert transition from snto sn+1for i 2 0..n-1 do { add uniqueness 
onstraintsaddClauses([si 6= sn℄)The reason for stating this algorithm is partly to show that there is many pos-sible ways of en
oding the safety-
he
king pro
edure in
rementally. With thisalgorithm, the SAT-solver is allowed to share 
on
i
t 
lauses between the base-
ase and the indu
tion-step, whi
h may be bene�
ial. We in
lude the algorithmin our ben
hmark se
tion.4.1 Dis
ussionWe will now try to draw a map over possible indu
tion based safety-
he
kingalgorithms. Let us use the term bad state for a state were the safety property doesnot hold. It is generally observed that 
he
king safety properties is symmetri
with respe
t to the initial states and the bad states. Everything presented up tothis point 
ould have been 
arried out ba
kwards, with the roles of initial statesand bad states ex
hanged, and the transition relation inverted. We are going toadopt this symmetri
al view from now on.In this view, we regard the indu
tion-step as a method of �nding an upperbound on the length of a shortest 
ounter-example, and the base-
ase as a wayof produ
ing the 
ounter-example. Now, what must a shortest 
ounter-examplelook like? It has to start in an initial state, it has to end up in a bad state, andthe states in between must not be either initial or bad (otherwise it 
ould notbe a shortest 
ounter-example). Using B (bad) for P we 
an view the set ofpossible shortest 
ounter-examples pi
torially:length 0: IBlength 1: IB T_ IBlength 2: IB T_ IB T_ IBlength 3: IB T_ IB T_ IB T_ IB: : :length n: IB T_ IB T_ IB T_ : : : T_ IB T_ IB7



Ea
h line depi
ting a (shortest) 
ounter-example 
orresponds to a 
onjun
tionof 
onstraints (I0^T0^B1^ I1 ^T1^ : : :). There is a lot of sharing between the
ounter-examples of di�erent lengths, and indeed if we remove either the initialI or the �nal B from the n-th 
ounter example, i.e.:(1) B T_ IB T_ : : : T_ IB T_ IBor (2) IB T_ IB T_ : : : T_ IB T_ Ithen any 
ounter-example of length n or longer will in
lude all the 
onstraintsof (1) and (2). This means that if either the 
onstraints of (1) or (2), or anysubset of these, yields an unsatis�able problem, then so will all possible shortest
ounter-examples of longer lengths. Thus we have found an upper bound on theshortest 
ounter-example.The pi
ture above does not 
ontain all 
onstraints derivable from the fa
tthat we are 
onsidering a shortest 
ounter-example. We 
an further 
on
lude:1. Between no two states is there a shorter path.or weaker 2. Between no two non-neighbors is there a transition(and the last state is unique).or weaker 3. No two states are the same.Any of these fa
ts 
an be used when proving an upper bound. As long as wekeep adding 
onstraints that must be ful�lled by shortest 
ounter-examples, any
ontradi
tion rea
hed means we have established an upper bound. The reason forstating weaker versions of the shortest-path requirement is that these versions
an be implemented more eÆ
iently. Furthermore, we have already noted thatthe third 
ondition is enough to make the pro
edure 
omplete. In the next se
tionwe des
ribe how the implementation of this 
ondition 
an be improved.Taking this subset-of-
ounter-example view, the indu
tion-step we have usedin our algorithms 
an now be viewed as sele
ting the subset of (1) not 
ontain-ing any I:s but in
luding the uniqueness 
onstraints di
tated by 
ondition 3. 4Through experiments we found that this 
hoi
e worked well in pra
ti
e.Finding a 
ounter-example. If the user knows or has reason to believe that theproperty is false, he may want to run just the base-
ase to qui
kly produ
e a
ounter-example. In this 
ase, it is less 
lear if any extra 
onstraints should beadded to the tra
e. In Algorithm 1 and 2 we 
hose to add P. More 
onstraintsmean more 
lauses in the solver, whi
h leads to slower propagation, but also to asmaller sear
h-tree. Whi
h of the two e�e
ts is predominant in a parti
ular 
aseis hard to judge. In general, adding weak 
onstraints is seldom a good idea.Present BMC tools 
an optionally produ
e a SAT-problem stating that theproperty fails among the �rst n steps rather than after exa
tly n steps. Care mustbe taken before adding extra 
onstraints to su
h formulations. For instan
e, one
an no longer require the states to be unique. One must also assume (or modify)4 The re
urren
e diameter introdu
ed in [BCCZ99℄ 
an similarly be viewed as thesubset 
ontaining only the T:s together with uniqueness 
onstraints.8



the transition relation to always have a next state; or risk getting an unsatis-�able problem due to deadlo
k, even in the presen
e of a bug. A 
omparisonbetween this \one-shot" method and the in
remental base-
ase is in
luded inour experiments.4.2 Improving the Unique States RequirementThe uniqueness 
onstraints des
ribed in se
tion 2.2 and used in Algorithm 1, 3and 4 require ea
h pair of states to be di�erent. These requirements are stati
allyadded, and their number will grow quadrati
ally in the length of the indu
tion-step. For problems requiring high indu
tion length, there is a risk of addingnumerous possibly super
uous 
onstraints that will tax the SAT-solver heavily.We propose a dynami
 approa
h where the models returned by the solver inthe indu
tion-step are examined, and only if two states are a
tually equal, a
onstraint stating that they should be di�erent is added. The solver must thenbe run again, whi
h may possibly 
ost more than adding super
uous 
onstraints,but hopefully the in
rementality of the approa
h means that any re-run is veryqui
k. We veri�ed experimentally that the method indeed seems to performbetter in general.A question that has not been treated suÆ
iently in earlier presentations onindu
tion is what variables should be in
luded in the uniqueness 
onstraints.It is not unusual to des
ribe the FSM in the form of a sequential 
ir
uit. Thestandard interpretation of a 
ir
uit is to 
onsider both the lat
hes (the stateholding elements) and the inputs as state variables of the FSM. However, it isfairly 
lear that there is no need to in
lude inputs in the uniqueness 
onstraints.If two states are equal ex
ept for the inputs, whatever value the inputs assumein the se
ond state, they 
ould have assumed in the �rst. It is therefore safe torequire only the lat
h-variables do be di�erent|a mu
h stronger 
ondition. Infa
t, this is often what is implemented [CS00℄. Note that failing to remove thesuper
uous state variables from the uniqueness 
onstraints gives an ine�e
tiveindu
tion algorithm, as ea
h extra state variable has the potential of doublingthe depth needed to prove the step.If on the other hand the FSM is given as two propositional formulas I andT it is less 
lear what variables 
an be ex
luded.5 We propose the followingsolution:1. In
lude only variables o

urring both in the 
urrent and the next stateof the transition relation.2. Do not add uniqueness 
onstraints in
luding the �rst or the last state ofthe tra
e.We refer to uniqueness 
onstraints over this redu
ed set of state variables asstrong uniqueness.5 The result of parsing an SMV �le often leaves you with just this.9
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M’:M:Fig. 2. The pi
ture shows the 
ontra
tion of the 
ounter-exampleM toM0. The statevariables 
onstrained by the transition relations at the point of \gluing" are printed inthe boxes; the remaining tra
e is represented by the \: : :".Corre
tness. We will now prove that temporal indu
tion with strong uniquenessis sound. Re
all that the indu
tion-step 
an be strengthened by anything thatholds for a shortest 
ounter-example. It then suÆ
es to show that a 
ounter-example that is not strongly unique 
annot be shortest. Let us introdu
e thefollowing notation:sileft := vars(Ti) \ si siin := sileft n sirightsiright := vars(Ti�1) \ si siout := siright n sileftsireg := sileft \ sirightLet M be the model of a formula en
oding a 
ounter-example of depth n:M j= I0 ^ T0 ^ T1 ^ : : : ^ Tn�1 ^ Bn.We now show by 
onstru
tion that ifM j= (sireg = sjreg) for some 0 < i < j < n(M is not strongly unique) then there is a shorter 
ounter-example. De�ne M0over fs0; : : : ; sn�(j�i)g as follows:M0(sk) =M(sk) ;k < iM0(sk) =M(sk+(j�i)) ;k > iM0(siin ) =M(sj in )M0(siout ) =M(siout)M0(sireg) =M(sireg)M0 now 
onstitutes a 
ounter-example of depth n� (j � i). We have 
ontra
tedthe 
ounter-example by simply removing all states between i and j (depi
ted inFig. 2). The only potential problem lies in the \gluing" of the head and the tail atstate i. However, the only 
onstraints 
ontaining si are Ti�1 and Ti. But Ti�1does not 
ontain any variables from siin , so lettingM(siin ) 6=M0(siin ) 
annotmake Ti�1 false in M0. Similarly for Ti whi
h does not 
ontain any variablesfrom siout . Finally M(sireg) = M(sjreg), so indeed M0 must be a model forthe 
onstraints Ti�1 and Ti. �The proof 
an easily be extended to establish that the ex
lusion of the �rst andthe last state is super
uous if all variables of I o

ur in the next state of T andall variables of B o

ur in the 
urrent state of T.10



5 Experimental ResultsThe ideas presented in this paper were implemented in the prototype tool TIP
6whi
h was integrated with the SAT-solver SATZOO. All ben
hmarks were per-formed on a 2 GHz Pentium 4 with 512 MB of memory running Linux. We set thetime-out for all laun
hes to 10 minutes, and the memory limit to 400 MB. Theben
hmarks were 
olle
ted from several sour
es. In the tables, ea
h ben
hmarkname is tagged with the sour
e of the problem:
aden
e { Example �les from the CADENCE SMV distribution.
mu { Example �les from the CMU SMV distribution.ken { SMV 
ase studies from Ken M
Millan's web-page.nusmv { Example �les from the NUSMV distribution.vis { Example �les from the VIS distribution.texas { The Texas 97 ben
hmarks available from Berkeley University.eijk { ISCAS'89 sequential equivalen
e 
he
king from [Eijk98℄.irst { Problems from the Model Che
king Group at IRST.All problems were 
onverted to 
at SMV-format with only boolean variablesand no sub-modules. For ea
h problem, the safety properties were extra
ted.In this pro
ess, CTL formulas \EF" were 
hanged into \AG:" and all fairness
onstraints were removed. Di�erent properties for the same system are indi
atedby a subs
ript after the system name.Counting ea
h property as a separate instan
e, a total of 185 problem in-stan
es were 
olle
ted. As our �rst experiment, we ran TIP, CADENCE SMV,

CMU SMV, and NUSMV on ea
h of these instan
es. All tools were run with adefault set of options, providing no problem spe
i�
 variable ordering:Tip �lenameCadSMV �lenameCmuSMV -reorder �lenameNuSMV -AG -dynami
 -
oi �lenameInstan
es solved in less than 1 se
ond by all tools were 
onsidered trivial andremoved, leaving 158 instan
es.Comparison with BDD-tools. The result of the 
omparative experiment ispresented in Table 1. The default strategy of TIP runs the base-
ase and theindu
tion-step presented in Algorithm 2 and 3 in parallel, ea
h with its ownsolver instan
e. The two algorithms are given equal amount of CPU time, untilthe point where either the base-
ase fails, and a 
ounter-example is found, orthe indu
tion-step is proven, and the remaining base-
ases (if any) are provedwith 100% CPU.The purpose of the experiment was to relate the performan
e of indu
tionto industrially applied methods, and to show the (la
k of) 
orrelation betweenhardness for BDD-based methods and hardness for indu
tion-based methods.6 The tool TIP, the SAT-solver SATZOO and all ben
hmarks used in this arti
le 
anbe downloaded from http://www.
s.
halmers.se/�een/11



TIP was able to solve 6 instan
es where BDD-based veri�
ation failed, showingthat indu
tion may be a valuable 
omplementary method.7E�e
t of in
rementality. The se
ond experiment we performed was a 
om-parison of Algorithm 2 and 3 using the in
remental interfa
e of SATZOO andusing SATZOO as an external solver. In this experiment, we used only probleminstan
es where the property held. The result is presented in Table 2.The experiment establishes a substantial speed-up by the in
remental ap-proa
h. Unsurprisingly, the gain was larger for instan
es where a long indu
tion-step was needed to prove the property.From the table we 
an also see that the indu
tion-step usually takes longerto prove than the base-
ase. We observed the same behavior for instan
es wherethe property failed (although not presented here). This is the reason the defaultstrategy of TIP does not in
rease the lengths of the step and base evenly, butinstead devotes the same amount of CPU to ea
h. Otherwise, bugs may not befound due to hard (and futile) indu
tion-steps.One solver instan
e or two. The third experiment 
ompared Algorithm 4(\Zig-Zag") using one solver instan
e to running the indu
tion-step and thebase-
ase in separate solver instan
es. (\Dual"). In this experiment, the step andthe base were in
remented evenly so that both methods would solve only theminimal number of SAT-instan
es. We also in
lude the standard implementationof (
omplete) indu
tion as presented in [SSS00℄. The results are also in Table 2.The experiment suggests that separate solver instan
es for the base and thestep is favorable. From the table we 
an also see that the in
remental implemen-tation of indu
tion 
learly outperforms the standard implementation.BMC Comparison. In the fourth experiment, we 
ompared in
remental sear
hfor 
ounter-example to the \one-shot" approa
h des
ribed in se
tion 4.1. Theresult is presented in Table 3. The experiment shows that often you must knowthe exa
t length of a shortest 
ounter-example for the one-shot method to beadvantageous.Uniqueness 
onstraints. In the �nal experiment, we studied the e�e
t ofadding uniqueness 
onstraints dynami
ally and stati
ally, in
luding both in-stan
es where the 
onstraints must be added, and instan
es whi
h are provablewithout uniqueness 
onstraints. The result is presented in Table 4.The e�e
t of sharpening the 
onstraints by removing variables are not pre-sented, as it is 
learly advantageous. A study of the \eijk" equivalen
e 
he
kingproblems, where 9 out of 13 need uniqueness 
onstraints, showed that none ofthese 
ould be solved within the time-bound without using the sharpening.
7 These problems were all \TCAS II" problems from the NUSMV distribution, origi-nally used in \Model Che
king Large Software Spe
i�
ations" [CAB98℄.12



Tool Solved Alone in(of 158) solving
CADENCE SMV 131 5
TIP 92 6
CMU-SMV 90 0
NUSMV 73 0Table 1. Tool 
omparison. The left 
olumn shows the total number of solved instan
eswithin 10 minutes. The right 
olumn show how many of these instan
es no other tool
ould solve. CADENCE SMV ex
elled by proving 22 instan
es that neither of the twoother SMVs 
ould prove, and 39 more instan
es than TIP. Still only 5 instan
es wereunique, as TIP solved many of the problems where NUSMV and CMU-SMV failed,plus 6 that CADENCE SMV did not solve.Name Len Stepin
 Stepext Basein
 Baseext Dual ZigZag StdInd
mu:periodi
 97 70.7 [>600℄ 10.7 141.8 80.9 [>600℄ [>600℄eijk :S208
 259 448.0 [>600℄ [>600℄ [>600℄ [>600℄ [>600℄ [>600℄eijk :S208o 258 483.2 [>600℄ [>600℄ [>600℄ [>600℄ 564.2 [>600℄eijk :S208 259 436.7 [>600℄ [>600℄ [>600℄ [>600℄ 503.7 [>600℄eijk :S298 59 27.7 [>600℄ 34.9 96.2 62.9 316.1 [>600℄eijk :S510 11 5.2 8.0 0.5 0.9 5.9 7.4 10.1eijk :S820 12 6.1 22.9 6.4 12.5 12.6 20.2 30.1eijk :S832 12 7.6 28.2 5.8 12.9 13.4 25.1 35.2eijk :S953 8 1.7 4.2 0.1 0.2 1.9 4.2 4.4ken:oop1 30 39.4 [>600℄ 0.3 7.4 39.9 492.0 254.0nusmv :guidan
e1 11 2.8 10.2 0.8 3.4 3.5 3.9 11.1nusmv :guidan
e7 28 120.3 [>600℄ 315.0 [>600℄ 438.9 [>600℄ [>600℄nusmv :t
as2 7 1.3 3.1 0.2 0.3 1.5 1.9 4.3nusmv :t
as3 6 1.3 3.3 0.0 0.1 1.3 1.8 3.2texas:parsesys2 4 12.2 13.5 0.2 0.2 14.7 12.5 7.8vis:prod
ell12 30 256.6 [>600℄ 112.8 445.5 367.3 [>600℄ [>600℄vis:prod
ell13 9 4.6 12.4 0.1 0.6 4.8 3.7 14.7vis:prod
ell14 17 31.3 185.1 7.3 14.2 38.7 52.3 219.9vis:prod
ell15 24 109.3 [>600℄ 23.0 80.1 132.4 216.7 [>600℄vis:prod
ell16 6 2.1 4.1 0.0 0.1 2.1 1.2 4.7vis:prod
ell17 28 211.3 [>600℄ 52.4 277.5 265.0 [>600℄ [>600℄vis:prod
ell18 14 21.4 117.9 0.4 3.2 21.8 28.6 128.9vis:prod
ell19 23 61.6 457.0 23.4 86.0 85.0 178.5 [>600℄vis:prod
ell24 38 391.9 [>600℄ [>600℄ [>600℄ [>600℄ [>600℄ [>600℄Table 2. Experimental results for the e�e
t of in
remental SAT vs. external SAT. Alltimes are in se
onds. The experiment in
ludes all instan
es where the property wasproved to hold in in the �rst experiment. Laun
hes where all methods took less than 3se
onds have been left out. \Dual" stands for running one iteration of Alg.2 and Alg.3inter
hangeably; \ZigZag" refers to Alg.4 ; \StdInd" stands for standard indu
tion withall uniqueness 
onstraints stati
ally added and using an external SAT-solver.13



Name Length In
remental Perfe
t 25%-o�BMC Guess Guessnusmv :t
as1 11 3.6 3.7 5.0nusmv :t
as4 15 9.7 9.7 18.2nusmv :t
as5 24 48.7 40.1 125.2nusmv :t
as6 17 13.6 13.5 38.2texas:parsesys1 10 9.3 0.8 1.1texas:parsesys3 9 3.3 0.7 0.9texas:two-pro
2 16 4.7 1.0 2.9texas:two-pro
4 20 20.9 1.8 9.1vis:eisenberg 20 20.7 18.1 79.1Table 3. Experimental result for in
remental BMC vs. SAT-instan
es of �xed length.All times are in se
onds. \Perfe
t Guess" means the SAT-instan
e en
ode \there is abug of length � k" where k is the length of the shortest 
ounter-example. \25%-o�"means k is multiplied by 1:25. Laun
hes where all methods took less than 3 se
ondshave been left out.Name Len Timed Times Band Bans Claud Claus Confd Confs
mu:periodi
 97 70.7 120.4 0 4656 455k 908k 15k 14keijk :S208 259 436.7 [>600℄ 258 [>20000℄ 186k - 76k -eijk :S298 59 27.7 66.6 114 1653 69k 296k 24k 25kken:oop1 30 39.4 50.4 113 406 67k 101k 32k 30knusmv :guidan
e7 28 120.3 66.9 0 378 151k 276k 56k 28kvis:prod
ell12 30 256.6 252.7 0 406 346k 439k 48k 43kvis:prod
ell14 17 31.3 41.7 0 120 189k 217k 11k 13kvis:prod
ell15 24 109.3 134.3 0 253 273k 330k 29k 29kvis:prod
ell17 28 211.3 253.6 0 351 322k 400k 45k 46kvis:prod
ell18 14 21.4 25.5 0 78 153k 171k 10k 10kvis:prod
ell19 23 61.6 71.9 0 231 260k 311k 18k 18kvis:prod
ell24 38 391.9 490.1 0 666 440k 588k 60k 61kTable 4. Experimental results for dynami
 vs. stati
 uniqueness 
onstraints in theindu
tion-step. All times are in se
onds. Laun
hes taking less than 10 se
onds or hav-ing shorter length than 5 has been left out. A supers
ript \d" means dynami
 (ondemand) adding of uniqueness 
onstraints. A supers
ript \s" means stati
 adding ofuniqueness 
onstraints between all pairs of states. \Ban" is the number of 
onstraintsadded (banning two states from being equal). \Clau" is the �nal number of 
lauses inthe solver. \Conf" is the total number of 
on
i
ts in the sear
h-tree of the solver. Onlythree problems a
tually needed uniqueness 
onstraints to be provable, and in almostall other 
ases it in
urred a 
ost to add them. For the three 
ases where the 
onstraintswere ne
essary, adding them dynami
ally lead to a speed-up. Without uniqueness 
on-straints these three problem are not provable by indu
tion. The dynami
 method thussaves the user from guessing for ea
h problem if uniqueness 
onstraints should be usedor not without in
urring any extra 
ost. 14



6 Related WorkIn
remental BMC was independently introdu
ed by Ofer Stri
hman in [Stri01℄and Sakallah et. al. in [WKS01℄. Our approa
h di�ers from previous attemptsin that we keep all 
lauses from previous iterations (in
luding 
on
i
t 
lauses).Moreover, we 
omplete the method with in
remental temporal indu
tion. Stri
h-man's work further in
ludes several te
hniques to enhan
e the SAT-solving ofBMC problems, in
luding internal 
onstraints repli
ation for 
opying invariant
on
i
t 
lauses between the time steps of the tra
e, and BMC spe
i�
 variablede
ision strategies [Stri00℄.Related te
hniques for proving upper bounds for BMC are presented in[KS03℄ (
omputing the re
urren
e diameter) and [BKA02℄ (approximating thediameter by stru
tural analysis). In parti
ular, the authors of [KS03℄ suggestanother solution to the quadrati
 blow-up of uniqueness 
onstraints by addinga sorting network for the state variables to the SAT-problem.7 Con
lusionsTemporal indu
tion has been used before to prove upper bounds for BMC[SSS00℄. In these e�orts, the authors established it too 
ostly to gradually in-
rease the depth of the indu
tion proof using an external SAT-solver. We haveshown that integrating the SAT-solver and the indu
tion pro
edure over
omesthis 
ost. Furthermore, we sharpened the unique-states 
onstraints by a syn-ta
ti
 analysis on the transition relation; an improvement that was absolutelyne
essary for many of our ben
hmarks to go through.By extensive testing we further reinfor
ed the view that indu
tion is an im-portant 
omplement to BDD-based methods for safety-
he
king. The 
ombina-tion of te
hniques presented in this paper results in what the authors believe to bethe �rst eÆ
ient and 
omplete indu
tion based 
he
ker produ
ed by a
ademia.Enabled by the in
remental SAT-interfa
e, we explored an online method ofadding uniqueness 
onstraints on demand. To a large extent the method savesthe user from de
iding manually whether or not to add these 
onstraints, makingtemporal indu
tion a more push-button te
hnique.As a side-e�e
t of implementing temporal indu
tion in
rementally, we gotan in
remental BMC for safety properties. The e�orts on in
remental BMCby [Stri01,WKS01℄ was based on extensive adaptation of the underlaying SAT-solver. We have shown that results of the same magnitude 
an be a
hieved bya mu
h smaller modi�
ation of the solver. A standard way of applying BMCis to generate a single SAT-problem en
oding the presen
e of a bug within ktime steps. We have 
ompared this method to iterating up to k in
rementallyand found that the in
remental approa
h was faster in most 
ases, even if k wasspe
i�ed as 
lose as 25% above the length of a shortest 
ounter-example.8 Future WorkThe single most signi�
ant fa
tor for the su

ess of temporal indu
tion is theindu
tion depth needed. We therefore believe the most important dire
tion of15



resear
h is towards methods of automati
ally strengthening the indu
tion-step inorder to redu
e this depth. A su

essful method a
hieving this was presented in[Eijk98,BC00℄. It works by �nding invariant equivalen
es or impli
ations betweenthe state variables and internal points. Casting this method into our in
rementalsystem looks very promising. Stronger 
onstraints on the shape of a shortest
ounter-example were suggested in [SSS00℄, but have not yet been su

essfullyapplied. We would like to investigate if a dynami
 approa
h similar to that weused for uniqueness 
onstraints might be helpful.Finally, there are many possible ways of tuning the SAT-solver to in
re-mental temporal indu
tion. In parti
ular, we wish to explore native uniqueness
onstraints, as well as the methods presented in [Stri00,Stri01℄ for spe
ializedvariable orderings and 
onstraint repli
ation.A
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